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Abstract 

In the sub-Riemannian setting of Carnot groups, this work investigates a priori 
estimates and Liouville type theorems for solutions of coercive, quasilinear differen¬ 
tial inequalities of the type 


A^u > b{x)f{u)l{\\^u\). 

Prototype examples of Ag are the (subelliptic) p-Laplacian and the mean curvature 
operator. The main novelty of the present paper is that we allow a dependence 
on the gradient l{t) that can vanish both as t —>■ 0^ and as t ^ -l-oo. Our results 
improve on the recent literature and, by means of suitable counterexamples, we show 
that the range of parameters in the main theorems are sharp. 


1 Introduction 

The search for a-priori estimates and Liouville type properties for solutions of coercive 
quasilinear differential inequalities of the type 

A‘^u>b{x)f{u)l{\S/u\) ( 1 . 1 ) 

has captured the interest of researchers and stimulated a great amount of work in recent 
years, especially in the Euclidean space. In this respect, the purpose of the present paper 
is to investigate the role played by the gradient term Z(|Vu|) in the qualitative behaviour 
of solutions of (ini. Our setting is that of Carnot groups, although the investigation 
could be carried over general Riemannian manifolds. To begin with, we need to recall 
some basic facts about Carnot groups, referring to [3] for a thorough exposition. A Carnot 
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group G (of step r) is a connected, simply-connected nilpotent Lie group with a graded Lie 
algebra Q = = dim 14, j = 1,..., r generated by Vi, that is, [14,^4] = 14-i-i, 

[ 14 , 14 ] = 0. Each Carnot group is isomorphic to a homogeneous Carnot group, that is, 
a triple (R", o, {(5 _r}) where o is a Lie group structure on R", n = rm, and {(5 _r} is a 
distinguished family of Lie group automorphisms (called dilations) acting as follows: if 
we write a; G R" as G R™^ x ... x R™'’, then 

Sr{x) = {Rx^^\r‘^x^^\...,R^x^''^). 


In what follows, we will identify G with the associated homogeneous Carnot group (R”, o) 
via the procedure described in [3] (Theorem 2.2.18). The collection 


— fq-W ( 1 ) ( 2 ) ( 2 ) (r) 

I''' Sa=l I'''! ! • ■ • I‘‘'mi I •^1 I ■ • ■ ! •''m2 ’ • ■ • > ■''1 T-'-y^TTirS 


will then denote the induced coordinate system on G, and integrations will always be 
performed with respect to the standard Lebesgue measure dx, which is left-invariant on 
G. The integer Q = called the homogeneous dimension of G. 

Remark 1.1. The easiest example of homogeneous Carnot group is the Euclidean space 
Q > 1, with the Lie group structure +. We remark that each Carnot group which is 
different from (R‘3, -|-) has homogeneous dimension Q > 4, being at least of step 2. 

For each 1 < 4 ^ wii let be the left-invariant vector field generated by the 
coordinate vector field dj at the unit element (the origin of R"). We can endow the span 
of {Xj}, called the first layer, with a Riemannian metric (, ) given by declaring {Xj} 
to be orthonormal. Consequently, one has a natural notion of horizontal gradient and 
divergence: for u G C'^(G) and Y = y^Xj horizontal (i.e. in the first layer), we set 


mi mi 

= '^Xj{u)Xj, divoF = ^Xj(?/^). 
f=i 1=1 

Thus, we can define the canonical sub-Laplacian Ac, that is, the hypoelliptic operator 

mi 

= (1-2) 

i=i 


A key fact is that Ac possesses a fundamental solution r(x) with pole at the origin. 
Hence, if Q > 3 (that is, if G 7 ^ R,R^), we can consider 


r(x) 



which is continuous on G, smooth out of the origin and gives rise to a symmetric, homo¬ 
geneous norm, that is, r(x) > 0 iff x 7 ^ 0, r{6ii{x)) = Rr(x) and r(x“^) = r(x). Being 
r homogeneous of degree 1 with respect to dilations, |Vor| is homogeneous of degree 0 , 
whence in particular |Vox| is bounded. It can be proved that each pair of symmetric 
homogeneous norms ri,r 2 on G are equivalent, that is, they satisfy < r 2 < Cri 

on G for some constant (7 > 0; thus, for the purpose of our paper, it is irrelevant which 
norm we will use, and, for this reason, hereafter we will fix one such r and rescale it in 
order to satisfy |Vor| < 1. As for the cases Q — 1 and (3 = 2, that is, when G = R or 
G = R^, in what follows we will consider the Euclidean homogeneous norm r(x) = |x|. 
Let Br = {x : r(x) < i?} be a sub-level set for r, hereafter called a ball of radius R. The 
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homogeneity of r with respect to 5r imply that the volume of Br grows polynomially in 
R-. indeed, changing variables according to x = SR{y), we have det((5fl)*) = and thus 

vo\{Br) = [ dx = R^ [ dy = CR^. (1.3) 

J {r{x)<R} J{r{v)<l} 

Example. The simplest, non-trivial example of Carnot group is the Heisenberg group 
of real dimension 2m + 1, that is, the manifold in’" = C™ x K with group structure 
given by 

(z, t) o (z', t') = {z -\- z' ,t + t' + 2Im(z, z')), V (z, t), {z', t') G in’", 

where (, ) denotes the usual hermitian product in C’". A basis for the left-invariant vector 
fields of in’" is given by 

d d d d d 

Xk = -I- 2Imzfe— , Yfe = 2lm—^ - 2Rezfc— , — (1.4) 

for fc = 1,..., m, and they satisfy Heisenberg’s canonical commutation relations 

= (1.5) 

all the other commutators being zero. The fields {Xj,Yj}JLi generate the first layer, and 
dilations are given by S}i{z,t) = {Rz,R^t). The standard homogeneous norm is 

r{x) =r{z,t) = (\zf+ t‘^Y , (1.6) 

where | • | is the norm in C’", and a simple computation shows that |Vorp = \z'^ jr^ < 1. 

Given a Carnot group G, the sub-Laplacian Ag can always be written in divergence 
form with respect to the underlying Euclidean structure: more precisely. If Xj = Cjadc, 
is the expression of Xj in the canonical basis {da}'^-n then 

AqU — C-jadai^CjydyV^ — da(^CjaCjydy'U^ ^ (1.7) 

where the last identity follows from an important property of Carnot groups, namely, the 
fact that the coefficient Cja does not depend on the a-th coordinate (0, p. 64). Conse¬ 
quently, we can consider weak solutions of differential inequalities with Ac in regularity 
classes less demanding than (G). More generally, given (p satisfying 

V? G C°([0,-boo)), V? > 0 on [0,-|-oo), (1.8) 

one can define a (/j-Laplacian by setting 

AV J- /^T’dVoul) ^ 

in the weak sense. Typical examples are: 

- the p-Laplacian, where ip{t) = and p > 1; 

- the (generalized) mean curvature operator, where (p(t) = and fc > 1. 

The usual mean curvature operator is recovered for fc = 2. 
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In what follows, for convenience we will just consider Lipj^^,-solutions. We recall that a 
function u : ?7 C G —)► K is said to be Lipschitz if there exists C > 0 such that 

u{x) — u{y) < Cr{x~^y) for each x,y gU, (1.9) 

where r is a fixed homogeneous norm. By uni and a standard argument (see for instance 
nni, Thm.5 p. 137), it is not hard to show that (11.91) implies the existence and the local 
boundedness of the weak derivatives Xj{u). 

Notation. Hereafter, given a function u on G, we denote with u* = supjj u, u* = inf^ u. 
We set Rq = [0, -boo), K+ = (0, -boo). 

Definition 1.1. Let / G C°(R), I G (7°(K({') and b{x) G (7°(G). A function u G LipjQ(,(G) 
is said to be a weak solution of 

A^u > b(x)f(u)l(lVoul) (resp. <) (1.10) 

if, for each 0 < (j) G Lip^(G), 

f Vo(/>)dx < - [ b{x)f{u)l{\Vou\)(l)dx (resp. >). (1.11) 

Jg |vo'ix| 


In the present paper, we investigate solutions u G LipjQj.(G) of 

> b{x)f{u)l{\\7ou\), 


( 1 . 12 ) 


possibly changing sign, under the following basic assumptions: 

f e (7° (»({■), v^( 0 )= 0 , (p{t)>0 on R+; 

^ 1 there exists p > 1 , C > 0 such that tp{t) < CP‘~^ on 

^^^“(G), 6>0 on G; 

/ e C'°(R), I G l{t) > 0 if t > 0. 


(1.13) 


Agreeing with the notation in [HIE], the tag (WpC) above denotes the weak p-coercivity 
of Ag. Note that the p-Laplacian is (WpC), and the generalized mean curvature operator 
is (WpC) for each k/2 < p < k. 


Remark 1.2. We have decided to consider locally Lipschitz functions for the sake of 
simplicity, but our theorems could be stated for Sobolev classes of solutions. This setting 
is more appropriate for problem (11.121) since, as remarked in [Hj, in the generality (I1.13P 
a weak Harnack inequality for solutions of (11.121) seems still missing, hence u is not even 
guaranteed to be locally bounded. However, investigating (11.121) without the property 
u G L“^(G) requires various non-trivial adjustments (see [5] for details) which we prefer 
to avoid in order to help readability. 


We are interested in the following two problems: 

(PI) under which conditions relating ip, f, I, b we can obtain a maximum principle at 
infinity, stating that a-priori slowly growing solutions of ( 11 . 121 ) are bounded above 
and satisfy f{u*) < 0 (if they are not constant); 

(P2) which is the optimal growth condition on / (in the spirit of Keller and Ossermaii’s 
works miEi]), in terms of I, if, b, to guarantee the following a-priori estimate: each 
solution of (| 1 . 12 l) is bounded above. 
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From solving (PI) and (P2), one can readily obtain Liouville type theorems for particular 
/ and u solving (11.121) . For instance, given (p,b,f,l, if both the properties listed in 
(P1),(P2) hold and / > 0 on R+, then there are no non-constant, non-negative solutions 
of ( 11 . 121 ) : this because (PI) and (P2) would imply that any non-constant solution u of 
( 11 . 121 ) must be bounded and satisfy f{u*) < 0 , hence u* < 0 . 

Our approach to (PI) has its roots in the works [5111501 [5^[27] by the third author and 
his collaborators, and in the subsequent improvements in Eaun. Interesting Liouville 
theorems for slowly growing solutions have also been shown in miiMiiij for a broad 
class of differential inequalities including (I1.12|) . However, as we shall see, the results 
in [n nHiinj are skew with our Theorem o below, that is, the range of parameters 
considered is quite different from our. Regarding problem (P2), it has recently generated 
a vast literature in the present setting of Carnot groups, see I2D1I3I1IH1ISI, and will be 
commented in awhile. However, it seems to us that the role of the term Z(|Vom|) when 
dealing with problems (PI) and (P2) still needs to be clarified, especially in the case when 

lim l{t) = 0, lim l(t) = 0. (1-14) 

t-j.0+ t->-|-oo 

Evidently, assumption (11.141) is the gradient dependence that makes the validity of the 
properties in (PI) and (P2) more difficult to achieve. What are the optimal decay rates of 
I at zero and infinity that guarantee the solvability of (PI) and (P2)? How is this decay 
related to the behaviour of /, b and to that of (pi 

The outcome of the present paper are two sharp criteria. Theorems If.41 and If.31 below, 
to answer problems (PI) and (P2). We deal with a large family of (/^-Laplace operators with 
special emphasis on mean curvature type ones, and we investigate gradient dependences 
l(t) that may vanish both at zero and at infinity. 

Before stating our main theorems, we give a brief account on related works. The 
literature on ( 11 . 121 ) is huge, and for this reason we decided to focus on those results 
specifically for problems (PI) and (P2) that allow a non-trivial gradient dependence l{t). 

To the best of our knowledge, Liouville type theorems for global solutions of (11.121) 
have mainly been investigated by means of two different approaches: the first rests on 
radialization techniques and refined comparison theorems (Ell Uni El HI2EI), while the 
second is directly based on the weak formulation, via a careful choice of test functions, 
in the spirit of the work of Mitidieri-Pohozaev [24] (EKiaig]). Radialization techniques 
exploit the properties of a homogeneous norm r{x) in order to construct suitable radial 
supersolutions. In doing so, an integral condition relating /, I, (p naturally appears, that is 
sufficient and in many cases necessary for the existence of uniform estimates from above 
for solutions of (11.121) . We briefly recall how this condition, called the Keller-Osserman 
condition, is defined. Suppose that / > 0 on R.+ , and set 

F{t)= f f{s)ds. (1.15) 

Assuming that 

V?eC'i(M+), (/?'>0onR+, G Li(0+)\Li(-foo), (1.16) 

the function 



5 




















realizes a homeomorphism of R,]" onto itself, and thus it admits an inverse K ^ : Kj —>■ 
K,|. The Keller-Osserman condition for (11.121) is the next integrability requirement: 

e L‘(+»). (KO) 

When (p{t) = , which is the case of the p-Laplacian, and for I = 1, (IKOI) takes the 

well-known expression 

G L\+oo). 

It is important to note that (IKOI) does not depend on the underlying (Riemannian or 
sub-Riemannian) space. However, geometric data such as curvatures and volume growth 
of balls appear as restrictions on I, ip to ensure that (IKOI) implies uniform estimates from 
above (see m)- The origin of this restriction is deep and not yet clarified, and is the 
subject of a forthcoming paper [5]. 

The Keller-Osserman condition (IKOI) originated from the papers |17l E5] in the pro¬ 
totype case Am > f{u) on M’" and, as far as we know, first appeared for nontrivial l{t) 
in a paper of R. Redheffer [221 (Corollary 1 therein) in the investigation of the inequality 
> /(it)Z(lV m|). Since then, it has been systematically studied by various authors, and 
for (|1.12l) with nontrivial l{t) we stress |7] (for the 1-dimensional problem), pQ [121 US] 
(when Ag is the mean curvature operator) and [221HH US] (when Aq is the p-Laplacian). 

Regarding the sub-Riemannian setting, in Theorem 1.1 of m the authors showed that 
(11.121) with b{x) = 1 has no non-negative solutions on (G = H” if (IKOI) holds, provided 
that ip, I satisfy some homogeneity conditions subsequently removed in [5]. Companion 
existence results under the failure of (IKOI) have been given in (2^ (for the p-Laplacian 
on H”), in [21 (for the tp-Laplacian on a Carnot group), and in the very recent [3| on 
H”. We underline that the extension from H" to a general Carnot group is not merely 
“cosmetic", since, in this more general setting, radialization techniques yield ordinary 
differential equations difficult to tackle because of the existence of an extra term, namely, 
(Vo|Vorp, Vor), which is identically zero for the standard homogeneous norm in H”. 
Note that the equality (Vo|Vorp, Vor) = 0 means that the norm is c»-harmonic. 

On the positive side, (IKOI) is sharp and mildly demanding on / and 1] in particular 
it does not require / or Z to be of polynomial type. Furthermore, it can be considered 
for a wide class of quasilinear operators of geometric and analytic interest. However, in 
this setting there are two drawbacks: firstly, the results in cniEia] require a (relaxed) 
monotonicity of Z, namely the first two need / and Z to be C-increasing, that is, 

supZ < Cl(t) on R)}", for some constant C > 1, 

[o,t] 

while the third needs Z to be C-decreasing. In particular, none of these results admits 
the possibility that Z vanishes at the same time at zero and at infinitj0. Secondly, their 
technique heavily uses the continuity of the (horizontal) gradient of the solutions, and it 
seems hard to adapt the argument to solutions with a regularity weaker than . Another 
feature of the above method is that, when Z is bounded from below by a positive constant 
at infinity, the second condition in (11.161) is not taylored for the mean curvature operator. 
Operators of this kind, more precisely those with p satisfying tp'{t) < Cp{t) on R+, have 
been considered in Section 4 of m in a Riemannian setting (see also [H]). There, the 

^In this respect, there is an inaccuracy in Theorem 1.1 of ED]: the assumptions should have included 
condition ^(0) > 0, which is necessary for the proof to work in however, ^(0) > 0 can be removed with 
a careful measure-theoretic argument, as shown in [6]. 
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authors propose to replace sip'(s) with ip{s) in the definition of K{t) in (11.171) . and in this 
way they still achieve the non-existence of non-constant, non-negative solutions of (11.121) 
under the validity of (IKO|) . As we will show later, this replacement still gives a sharp 
result, see the discussion after Remark ll.ldl below. It should be noted that Corollary 
A2 in m seems to be the first Liouville type theorem for inequalities of type (HI) on 
general Riemannian manifolds, in particular, not requiring a polynomial volume growth 
of geodesic balls. For the sake of comparison with our main result, we state Corollary A2 
in m in the Euclidean spac^l and for the mean curvature operator. 

Theorem 1.1 ([2I]j Cor. A2). Let p, y € R satisfy 

0 <X<1, 0 <M<l-x, (1.18) 

and let f G C''(]R), /(O) = 0, / > 0 on R.'*'. Suppose that f is C-increasing on R"*" and, 
setting F as in (|1.15l) . assume that 


F i-x G L^(-l-oo). 


(1.19) 


Then, each -solution of 


div 


Vn 


yi + |Vn|2y 
is either non-positive or constant. 


> (1-|-|a;|) ^/(n)|Vu|^ on 


( 1 . 20 ) 


Remark 1.3. Since / is C-increasing, f{t) > ci for some constant ci > 0 and t large, 
and integrating we deduce F{t) > C 2 t for large t and some C 2 > 0. Therefore, if x > 0 
assumption ( 11 . 191 ) is automatically satisfied. Thus, in the particular case f(t) > CF’ for t 
large and w > 0, ( 11 . 191 ) is always met if y > 0, and if y = 0 it is satisfied when w > 0. In 
other words, ( 11 . 191 ) is met if w > —y. We will come back to this point later. 

Remark 1.4. For f{t) = and in the range 


0 <y<l, p<2-y, w>l-y, (1.21) 

if p G i^,n) the above result has been obtained in [U] (see Corollary 1.4 therein; the 
bound p G (l,n) is assumed at p.2904). 

The technique that we present here is different from the one described above, and is 
closer, in spirit, to the one developed in PH HI [121 (HI IS]- There, the authors consider 
inequalities of the type 

divA{x,u,'Vu) > B{x,u,'Vu) (1-22) 

and their non-coercive counterparts, on spaces including Carnot groups, under weak el- 
lipticity requirements on A that, when rephrased for the operator Ag, give (WpC) in 

^In Corollary A2 in 1211 . the Euclidean case is achieved by setting /? = —2. In this respect, note that 
there is typo, a missing minus sign in the right-hand side of inequality (1.12) therein, which should be 
replaced by 

Ricc„,m(I,£i) > -lf^(l + r^)^ . 


^Indeed, the statement of Corollary A2 in 1211 is that any non-negative solution of HI. 201 1 is constant. 
However, Corollary A2 is just a particular case of Theorem A therein, whose conclusion is the one reported 
in Theorem 11.11 above. 
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(O^ . As far as we know, the only result that allows the gradient term to vanish both 
at zero and at infinity is the following, due to A. Farina and J. Serrin m- In order to 
compare with our main theorems, we rename their parameters to agree with our notation, 
and we state their theorem for 

A{x, z, p) = P) = Kx)f{z)l{\p\). 


Theorem 1.2 f|12|. Thm 6.). On the Euclidean space G = R", consider p, b, /, I satisfying 
assumptions (11.131) for some p > 1. Assume that 


b{x) > Cl (l + |a:|) ^ 
for some /r S R, Ci G R’*', and that 


j if |t| < 1, for some > 0 

tf{t) > C 2 < |i|“2+i 1^1 > Jqj. gome W2 G R 


l{t) > C2 • 


t^^ if t G [0,1], for some Xi ^ 0 
*/ t > 1, for some X 2 G R, 


for some C 2 G R’*’. If /(O) > 0, suppose further that yi = 0. Set 

w = min{a;i,a; 2 }, y = minjxi,X 2 }, y = maxjyi,X 2 } > 0. 

If 


X<P-I, P<P-X, w>p-l-x. 


then any -solution of 


div = bix)f{u)li\Vu\) 


on 


(1.23) 


(1.24) 


(1.25) 

(1.26) 


must be constant. 

Remark 1.5. The first condition in (11.2411 implies that t = 0 is the unique zero of 


As it is apparent in (11.2611 . a fast decay of I at infinity (that is, a highly negative y) 
forces aj (hence loi and 012 ) to be very large in order to ensure the Liouville property. If we 
agree to consider a reasonable Keller-Osserman condition to be (IKOI) with the modified 
choice 



(1.27) 


and we suppose that p{t) si C ^ at infinity, then we see that the third in (11.2611 is a 
sufficient condition for (IKOII to hold. 


We are ready to state our main results. The first guarantees a-priori estimates for 
solutions u of (|1.12|) when / enjoys a Keller-Osserman type condition. 

'^To be precise, rephrasing condition (WpC) in iii9] to our setting would give (/? > 0 on R"*", instead 
of the stronger c/? > 0 on R”^ which we assume throughout this paper. 

^For the validity of Theorem 6 in HU, the authors assume that B{x, 2:, 0) = 0 for each (x, z) E R’^ x R 
(condition (3) therein), which in our setting is granted when 1(0) = 0. However, if /(O) > 0, the condition 
turns out to imply / = 0, a highly demanding assumption. However, when 1(0) > 0 and xi = 0? according 
to the remark at the end of p.4410 in 1121 it is sufficient that .S(ic,0, 0) = 0, which is automatic since 
f(0) = 0. This is the reason why we require = 0 when 1(0) > 0. 





















Theorem 1.3. Let G be a Carnot group with homogeneous norm r, and consider yi, b, /, I 
meeting the assumptions in (11.131) for some p > 1. Assume that, for some /i, X)W G K. 
satisfying 

0 <X<P-1, fi<p-x, w>p-l-x, (1.28) 

the following inequalities hold: 

b > C{1 + r)~>^ on G, 

f{t) > for t large enough, 29 ) 

l(t) > on R+, 

for some constant C > 0. Then, for each solution u G LipjQj.(G) of 

AqM > b(x)f{u)l{\S/Qu\) on G, (1.30) 

it holds u* < +CX) and 


- if 1 ( 0 ) > 0 , then f{u*) < 0; 

- if 1 ( 0 ) = 0 , then f(u*) < 0 unless u is constant. 

Moreover, if the second in (11.291) is replaced by 

tf(t) > C\t\^'^^ for |t| large enough, (1-31) 

then each solution u of (ll.30|) with the equality sign satisfies u G L°°(G) and, 

- if 1 ( 0 ) > 0 , then f(u*) < 0 < f(uC); 

- if 1 ( 0 ) = 0 , then f(u*) < 0 < f(uCj unless u is constant. 

Remark 1.6. When 1 ( 0 ) = 0, note that each constant function satisfies (11.301) with the 
equality sign. On the other hand, if 1 ( 0 ) > 0, a constant u = c solves (|1.30l) (respectively, 
with the equality sign) if and only if /(c) < 0 (resp. /(c) = 0 ). 

Remark 1.7. In the particular case l(t) = 1 and x = 0) Theorem II. 31 has been proved in 
|9] (Corollary 8.6 therein) and [11] (Theorems 1 and 2 therein). We observe that Theorems 
1 and 2 in El also consider the case /r > p. 

Our second main theorem deals with slowly growing solutions. To the best of our 
knowledge, this is the first result in the literature for the range of parameters (11.321) below, 
see also the next Bemarks 11.101 and 11.111 In view of Remark |1. 61 we just concentrate on 
non-constant solutions. We underline that no restriction on the homogeneous dimension 
of G is needed. 


Theorem 1.4. Let G be a Carnot group with homogeneous norm r, and consider tp, b, /, I 
meeting the assumptions in (11.131) for some p > 1. Assume that, for some fj.,x G M. 
satisfying 

0<X<P-1, T<P-X, (1-32) 

the following inequalities hold: 


b > C(l+r)-i^ 

f(t) > c 

ip(t) 


l(t) > C 


tP-^-x 


on G, 

for t large enough, 
on R'*', 


(1.33) 
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(1.34) 


for some constant C > 0. Let u £ Lip[Qj.(G) be a non-constant, weak solution of 


> &(x)/(u)/(|V om|) on G 


such that 

u+{x) = o ^r(x) p-x-i J as r{x) —>■ + 00 . (1.35) 

Then, u is bounded above and f{u*) < 0. 

If u solves (ll.34|) with the equality sign, 

tf{t) > C\t\ for |t| large enough, (1.36) 

and (ll.35|) is valid with u instead of u+, then under the above assumptions u £ L°°(G) 
and f{u*) < 0 < f{Uf). 

Remark 1.8. We will show that the range of parameters in (I1.28L (11.3211 is sharp, as 
well as the growth condition (11.3511 . 


Remark 1.9. If /i = p — then the conclusions of Theorem 11.41 still hold if (11.3511 is 
replaced by the weaker requirement that u be bounded above. On the other hand, suppose 
that p > Q, Q being the homogeneous dimension of G. li p, < p — x and (ll.35|l is not 
satisfied, but still 

u{x) = O (^r(x)p-i-'^'j as r(x) —?■ + 00 , (1-37) 

then the conclusions hold provided that 


p-x-h ^ p-Q 

p-X-I ~ p-1' 


(1.38) 


Remark 1.10. In view of (11.3711 and (I1.38I1 . it is interesting to compare Theorem 11.41 
with Theorem 1.1 in [28] (see also Theorem 10 in [T2|). There, the authors obtain the 
constancy of solutions of (|1.34ll on (with the equality sign, and with tf(t) > 0 on K. 
1^ whenever p > Q and 


i{x) = o ^r(x) p-i ^ as r(x) —>■ + 00 . 


(1.39) 


Note that condition (11.3911 is sharp and related to the growth of the fundamental solution 
for the p-Laplacian (see |5S| and Remark 10.3 in (Hj). For p > Q, further interesting 
results can be found in [2 (Theorems 10.1 and 10.4 therein), where (11.3911 is replaced 
with an asymptotic integral estimate. However, outside of the borderline case described 
in Remark ll.91 the growth assumptions on u in are quite different from (|1.35|l . 

In this respect, we emphasize that Theorem 11.41 does not require any restriction on Q, 
while on the other hand, in [I1I2H1E], no bounds on y, p of the type in (ll.32|l are needed. 

Remark 1.11. Other Liouville type results for slowly growing solutions of (ll.34|l . skew 
with Theorem II. 41 have been proved in [121 [11]. There, the authors assume 0 < y < p — 1 
and that (11.3611 be replaced by the stronger tf{t) > C\t\‘^~^^, for some w > 0. Theorems 
11 and 12 in m consider, respectively, the case uj < p — x — 1 and uj = p — X ~ 1) 
for each one the study involves various sub-cases, notably those with p < p — x- It is 
worth to remark that in all but one sub-case the dimension Q plays a role. The unique 
exception is when lo = p — x~ ^ p < p — Xi for which it is shown that any u solving 
(11.3411 with the equality sign is constant provided that it grows polynomially. 

®It should be observed that assumption (1.3) in 1281 . when rephrased for the inequality lll.34t . gives 
necessarily ip{t) = CtP~^. However, the above restriction does not appear in Theorem 10 of m, which 
considers the case f{t) = 0. 
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Remark 1.12 (Operators admitting multiple values of p). Suppose that (p satisfies 
(WpC) in (11.131) for two different values 1 < Pm < Pm- Clearly, <p enjoys (WpC) for 
each p S [pm,PM]- This is the case, for instance, of the mean curvature operator, which 
satisfies the assumptions of Theorems 11.31 and O for each p G (1,2]. Although it might 
seem that conditions (11.281) and (11.291) (and, analogously (11.321) and (11.331) 1 are skew as 
we vary p G [pm,PM]-, we are going to show that the choice p = pm is the best one, that 
is, the one granting the largest range of parameters. To see this in the setting of Theorem 
11.31 (that of Theorem 11.41 being analogous), define rj = p — 1 — x- Then, (ll.28|) and (11.291) 
can be rewritten as 

0 <r?<p— 1 , /x <?7 + l, uj > rj 

&> C'(l + r)-'^, f{t)>Ct^, 

Since p just appears as an upper bound for ?], a larger p guarantees a greater range for p 
(hence, for jx). Note also that a larger p allow a smaller lower bound for I at infinity. 

Both Theorems II.31 and ll.4l are very much in the spirit of the recent [S], whose method 
rests on a reduction procedure based on Kato’s inequality. We recall that, if u solves ( 11 . 221 ) . 
Kato’s inequality is the inequality satisfied by u-y = (u — 7)+ (7 being a constant, typically 
7 = 0). Our approach is similar, but we do not need to find a Kato inequality, we directly 
investigate a superlevel set {u > 7}. Our choice here is to emphasize the next aspect: 
in the case l{0) > 0 , if u* is attained and assuming that everything be smooth enough, 
evaluating (11.341) at a maximum point gives f{u*) < 0. Therefore, property f{u*) < 0 
can be thought as the validity of a weak maximum principle at infinity^ according to the 
point of view adopted in (32] [2^ , see also [22] . 

In Theorems 11.31 and 11.41 the smaller is at infinity, the weaker is our require¬ 

ment on l{t) as t —>■ 4 - 00 , and this is particularly suited for mean curvature type operators. 
For this reason, we state the following direct corollary of Theorem ll.3l Note that the mean 
curvature operator satisfies the assumptions in Theorem 11.31 for each p G (1,2], but in 
view of Remark 1 1.1 21 it is enough to choose p = 2. 

Corollary 1.1. Let G be a Carnot group with homogeneous norm r, 
such that 

0 <X< 1 , /r< 2 -x, a;>l-x. 

Consider b, /, I satisfying (|1.13l) and 

b>C{l + r)->^ on G, 

f(t) > Ct^ for t large enough, 

l(t) > C^— on M+, 

for some constant C > 0. Then, for each solution u G Lip[Qj.(G) of 

^^’^0 ( / =r^ I >b{x)f(,u)l{\Vou\) on G (1.42) 

it holds u* < -|-c», and f{u*) < 0 unless u is constant. If further 

tf{t) > for |t| large enough, (1-43) 

then each solution u of (|1.42|) with the equality sign satisfies u G L°° (G) and, if u is not 
constant, f(u*) < 0 < f{uCj- 


and fix /i, y, a; G K. 

(1.40) 

(1.41) 
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Remark 1.13. The third requirement in (11.401) is the sharp condition on w to guarantee 
(IKO|) with K(t) as in (11.271) . Indeed, because of (11.411) 


- 77 - 1 — ast^+oo. (1.44) 

K ^ o F 

Note also that, if x S (0,1), l{t) is allowed to go to zero both as f —)> 0 and as t —>■ +oo. 

Comparing with Theorem 11.21 in the case of the mean curvature operator, and with 
l{t) as in (11.411) . we observe that x in (|1.25|) is x — 1, whence the third in (11.261) is met 
whenever w > 2 — x, a condition more demanding than uj > 1 — x in (|1.40p . Furthermore, 
as in Em, in our result the behaviour of /(t) near f = 0 is irrelevant. 

Next, we focus on the link with Theorem o First, in Corollary 11.11 none of f,l is 
required to be C-increasing, and the range of /i in (11.401) is larger than the one in (11.181) . As 
stressed in Remark ] 1.3 1 when /(<) > the conclusion of Theorem 11.11 holds if w > —x 
(and w > 0), which is weaker than w > 1 — x- This shift can be explained as follows: if 
we want to include the factor (1 + in (11.411) in order to weaken the requirements on 
l{t), the price to pay is an additional power in the asymptotic behaviour of K{t) in (11.271) . 
and consequently the Keller-Osserman condition (IKOI) is more demanding on w. Note 
that we will produce counterexamples to show that a; > 1 — x is sharp in the generality 
of Theorem 11.11 

Eventually, we compare Theorem 11.11 with Corollary 1.4 in (TS]. There, as said in 
Remark O solutions of (|1.42p with l{t) = are shown to be non-positive or constant 
provided that (11.211) holds and p G (1, Q). In this respect, although the result grasps the 
sharp bound for /i in (11.401) . the above discussion now shows that condition w > 1 — x is 
not sharp when l(t) = the sharp one being a; > 0 , w > —x- 

Theorem 1 1.31 covers the range 


0<X<P-1, F<P-X, uj>p-l-x- 


When X > P ~ 1) namely, when l{t) grows fast at infinity, things are quite different, as 
confirmed by the a-priori estimate in [3] (Theorem 11.4), which fits very well with our 
results. There, the conclusions of Theorem o are shown to hold when (11.291) is in force 
with l{t) > and w = 0, provided that 


M < 1, 


P-1< X < 


Q- F 

Q-i 


b- !)• 


(1.45) 


Note that, as shown in Remark 11.8 of [S], when p, = 0 the exponent ^zj{p— 1) in (11.451) 
is sharp. Related interesting results, for possibly singular b(x) and still in the range 
X > p — 1, are given in m- 

We conclude the paper with an appendix containing a version of the pasting lemma. 
This result enables to glue two solutions of (11.341) into a single one, even if one of them is 
not defined on the whole space. Since the only proof that we know is the one in |18| for 
R", and contains an inessential assumption in our setting, we felt convenient to include 
a detailed argument. The pasting lemma is used below to produce counterexamples that 
show the sharpness of the parameters range in Theorems 11.31 and 11.41 
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2 Proof of Theorem 11.41 


The first step to prove Theorems 11.31 and 11.41 is to find a refined maximum principle for 
slowly growing solutions of 


Alu>K{l+r)->^ 


y^(|VoM|) 

|Vou|p-i-x 


on superlevel sets {u > 7 }. 

Theorem 2.1. Let G be a Carnot group with homogeneous dimension Q > 1 and homo¬ 
geneous norm r. Consider a ip-Laplaee operator Aq whose function ip satisfies (WpC) in 
assumptions (firm with p > 1. 

Fix p, tr, X G K. with the property that 


0<x<p-l, tJ-<p-X, 0<a<a* = 


P-X-M 
P- X- 1 ’ 


and a function u G LipjQj.(G) for which 


- ■ 1- u+{x) 

u = hmsup — < -\-oo. 

r(x)—J-+CXD 


( 2 . 1 ) 


( 2 . 2 ) 


If, for some 7 G M, the open set 12..^ = {u > 7 } is non-empty and u is a non-constant, 
weak solution of 


> iX(l +r)“ 


1 ^_ I . on Ll-,, 


then 


K <H-uP-^-^, 

where H = H{a,XiP, h) is a constant satisfying 


(2.3) 

(2.4) 


H = 0 if either 


a < a*, or 
a = a* = 0, or 

a = a* > 0, {p— l)(cr — 1) < 1 — Q 


(2.5) 


H = aP ^ ^ [(p — l)(cr — 1) + Q — 1 ] if a = a* > 0, {p — l){a — 1) > 1 — Q. 

Proof. Without loss of generality, we can rescale r in such a way that |Vor| < 1. Set for 
convenience 

^p-i 


Sit) = 


ip{t)'' 


and note that, by (WpC), S'* = info S > 0. Inequality (12.311 can be rewritten as 

|Vou|^ 


Agu>iX(l + r)-^ 


S(|Vou|)' 


( 2 . 6 ) 


(2.7) 


Moreover, we can suppose K > 0, otherwise the estimate is trivial. Note that (E2D is 
invariant with respect to translations u 1 —>■ = u + s. Fix b > u. We claim that a suitable 
translated u. satisfies 


Us < b{l + ry on M, Ug > 0 somewhere. 


( 2 . 8 ) 
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Indeed, if a > 0 , ( 12 . 21 ) implies that u < b{l + r)'^ outside a large compact set fl, and 
translating u downwards we can achieve the same inequality also in 12 , still keeping > 0 
somewhere. On the other hand, the claim is obvious if cr = 0. In this last case, note that 
here we do not claim that u is not attained: this would follow from a strong maximum 
principle, which seems to be not known under the sole assumption (WpC). Using that the 
resulting Us is positive somewhere, we can also assume 7 > 0. Hereafter, computations 
will be performed with u = Ug- Set for convenience 


and note that 

Choose a > b and define 

so that 


r7 = ^+(cr-l)(p-x). 


a < 


p-x-fJ- 


<J >rj. 


p- X- 1 
v{x) = a{\ + r{x))^ — u(x), 


(2.9) 

( 2 . 10 ) 


(a — 6)(1 + r)'^ < u < a(l + r)'^ on 12 .^. ( 2 - 11 ) 

Fix a function A € (^^(R) such that 

0 < A < 1, A = 0 on (— 00 , 7 ], A > 0 on ( 7 , 00 ), A' > 0, 

and a cut-off function C G Lipj,(M) to be specified later, whose support has nontrivial 
intersection with 12.^. Next, consider F G (^^(R^), F = F(r,v), satisfying 


dF 

F(r,u)>0, Fy = —{r,v)<Q. 


( 2 . 12 ) 


We insert the test function 


C^A(u)F(u,r) e Lip^(12^) 


in the weak definition of (12.71) . Using A' > 0 together with the Cauchy-Schwarz inequality, 
|Vor| < 1 and taking into account (l2.f)L we obtain 

K J C^’AF(l + r)-^^^i^<p J CP-^XF^{\Vou\)\VoC\+ J C^AF„^(|Vou|)| Vou| 

+ J eMNou\)\aail + ry-^F,+Fr\ 


<p (P-^XF 


|Vou| 


P-1 


^(|Vou|) 


iVoCI + / rAU, 


|Vo^|P 

5(|Vou|) 


C^A 


|Vou| 


p-1 


5(|Vou|) 


0(7(1 -I- ry Fy -I- Fr . 


Rearranging, 




(2.13) 

(2.14) 
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with 


B{x,u) = + — 


_ iVo^r 

i^„|5(|Vou|) ^ ^(|Vou|) 


IVomI 


p-i 


5(|Vom|) 
|Vom|^ 


—aa{l + rY ^ + 


II 

\B, 


5(|Vow|) 

-ivour-i->^ 

Let assume the validity of the following 

|Vou|P 


K{l+r)->^-^ + \Wour^ 


(2.15) 


—aa{l + rY ^ + 


II 


claim: B{x,u) > A 


S{\Vou\) 


for some A > 0 independent of r. 


(2.16) 


Plugging into (12.1411 gives 

and thus, by Holder inequality, 


< 




XF 


F 


^(|Vou|) 


p-i 


IVoCI' 




(2.18) 


Fix Rq large enough that u is not constant on Y 0- We claim that the horizontal 

gradient Vqu is not identically zero on fl^nBjjg. Otherwise, since the first layer generates 
the whole Lie Algebra of (G, the whole Euclidean gradient of u would be zero, hence u 
would be constant on connected components of By the very definition of flj, this 
would imply that flj = G and u be constant, contradiction. For R > 2Ro, we choose ^ in 
such a way that 


0 < C < 1, C = 1 on Hfl, supp(C) C B 2 r, |VoCI < 


C 

R' 


(2.19) 


for some absolute constant C. Inserting into (12.181) and recalling that A < 1 we obtain 


Si\Vou\) 


< 


CP 

S^RP 


F 


{B2R\BR)nQ,~^ 


F 

F 


p-i 


( 2 . 20 ) 


We now need to check the validity of the claim in (12.161) . for a suitable choice of F. 
Observe that the expression in square brackets in (12.151) is a function of the type 

gY)=p+sP-^-l3sP-^-\ 

for s = |Vou| and positive parameters 


p = iF(l + r)-'^ —, p = 
\-^v\ 


-aa{l + rY ^ 
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depending on r. It is a calculus exercise to check that g{s) > As^ ^ on K.,]" when 


A < 1 - 


P - X - 1 f 


(p —x)p-x-i V P 


X \ i/(p-x-i) 


( 2 . 21 ) 


Inequality (12.211) yields (|2.16l) provided that jp is bounded from above by a (small 
enough) quantity independent of r. This suggests our choice of F, that will be different 
from case to case. 


First case: a > rj (that is, cr < cr*). 

We choose 

F{v,r) = exp {—t'(;(1 + r)~'^} , 
for a real number r > 0 to be specified later. Then, on fl-y 


F _ (1 + r)'' 

and hence, by (I2.11|l and using a > rj, 


VT] 


Fr 


(1 + r)’ 


Fr 


—a(cr — Tj)(l + r)'^ ^ < —aa(l + r)'^ ^ + —— < 0 


|F„ 


if 77 < 0 . 


Fr 


[—a(cr — rf) — pb] (1 + rY ^ < —acr(l + rY ^ + tttt <0 if p > 0 

l-brl 


Plugging into (I2.15|) we get 
|Vou|^ 


B{x, u) > 


F(|Vou|) L 


with 


_(1 + rY-^ + iVou^-^ - \Vou\P-^-^P*il + ry 
a{a — 77 ) if 77 < 0 


0</3* = 


a(a — 77 ) + 77 & if 77 > 0 . 
In view of identity (12.91) . inequality (12.211) applied with 


p= :^(l + r)''-'^, y = /3*(l + r) 

T 


cr—1 


gives 


A<l-(p-x-l) 




p-x 


For 9 G (0,1), choosing A, t in such a way that 


A = 1 - 6 », 


_ 5/P-X-1 


K 


(p - xY~^ 


{I3*)p-x (p_^_ i)P-x-i’ 


( 2 . 22 ) 


(2.23) 


(2.24) 


then (12.241) is met with the equality sign and the claim in (12.161) is proved. By our choice 
of F, (12.201) becomes 


-)7 

P / JBR„nn. 


AF(l + r)-’’J^^7t < 


CP 


S'dVouj) S^RP J(B2R\BR)nn. 


j^(l + r)|p|(p-i). 


(2.25) 
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However, on [B 2 r\Br) fl since cr — 77 > 0, (|2.11l) gives 

F(?;,r) < exp T(a — &)(l + i?)'^ ^ j , (1 + < (1 + 

Inserting into (12.2511 and using (II.3|) . we eventually get 


0 < 


< 


-)7 

P / Jn^nBug 

CP 




5(|Vou|) 


S^RP 

—>■ 0 as i? —7> +00. 
Therefore, letting R —>■ +00 we deduce 


exp T(a — 6)(l + i?)'^ (1 + ^^vo 1 (H 2 k) 


(2.26) 


[ XF{l+r)-^ 




^(|Vou|) 


= 0 . 


' o., nSi^Q 

However, since Vqm ^ 0 on Sl.y (~l Br^ and F > 0, the above integral cannot be zero. 
Concluding, when a < a* our assumption F > 0 leads to a contradiction, hence F < 0, 
as was to be proved. 

Second case: a = rj (that is, cr = cr*). 

In this case, by (1^ it holds a — fi= {a — l){p — y). We choose 


F{v, r) = V 

T > 0 to be determined. Then, using (|2.11|) . 


(2.27) 


B{x,u) > 


iVoup 
Si\Vou\) [ 

— \X7 ou\^~^~^aa{l + r)'*“^] 


— {l + r)-^v + \Vou\P-^ 
r 


> 


iVoup 


K{a — b) 


(2.28) 


S{\X/ou\) [ T 
-\X/ou\P~^~^aa{l + ry~^] , 
and, by (12.2111 . (12.1611 holds whenever 


{1 + ry-i^+ \Vou\P-^ 


A<l-(p-y-l) 


p-x 


K{a — b) 


For 9 € (0,1), set 


A = 1 - 0, 


r = 0 P-x-i (P-XT ^ K{a-b) 


(p-X - l)P-x-^ {aa)P-x 
in order to satisfy (12.2911 with the equality sign. Inequality (12.2011 now reads 


(2.29) 


(2.30) 


Ap r 

In. 




HBhq <S'(|Vow|) SifRP J{B2R\BR)nn^ 

CP f 




< 


tp ^Rp J{B2R\BR)nn., 


r 


(2.31) 
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Estimating v with the aid of (12.111) and according to the sign oip—l — r, and using (II.3|) , 
the right-hand side is bounded from above by 

for a suitable constant Ci > 0. Letting R —-|-c», for (12.311) to be compatible it is 
necessary that Q — p + a{p — 1 — t) > 0, that is, 

Tcr < g - 1-f (p-l)(cr-1). (2.32) 

(i) If g — 1 -I- (p — l)(tT — 1) < 0 or g — 1 -I- (p — 1)((T — 1) = 0 and cr > 0, then there 
exists no r > 0 satisfying the inequality. Therefore, K > 0 leads to a contradiction, 
as required. This is the third case for H = 0 in (12.5L 

(ii) If g — 1 -|- (p — l)(cr — 1) > 0 then, setting a = tb for t > 1 in expression (12.301) for r, 
inserting (12.301) into (12.321) and solving (I2.32p with respect to K, letting 0 f 1 and 
b ]. u we deduce 


K<[Q-l + {a 


1)(P-1)] 


(p-X-^r ^ 


(p- x) 


p-x 


tP-x 

t-V 


and minimizing over t S (1, -foo) we get 

K <[Q-l + {a- l)(p - 1)] (2.33) 

This concludes the case Q — 1 + {p — l){a — 1) >0 and a = a* > 0. To deal with 
the remaining case g — 1 -f (p — l)(cr — 1) > 0 and cr = u* = 0, we can consider a 
downward translation Ug of u in place of u, and 7 = 0. Then, Ug satisfies (lO) with 
the same constant K, hence (12.331) holds for each Ug. However, Ug can be made as 
small as we wish, and since we have assumed K > Q this would contradict (12.331) . 
Concluding, necessarily iL < 0, as required. 


□ 

Remark 2.1. Observe that, while the techniques in miHiiiiE] seem to need a poly¬ 
nomial volume growth of balls to conclude sharp Liouville properties, our approach in 
Proposition 12.II above is flexible enough to handle very general Riemannian manifolds, in 
particular, those for which vo\{Bfi) grows exponentially like the hyperbolic space. The 
Riemannian setting will be the subject of future investigation, see [2]. 


Sharpness of Proposition 12.11 and Theorem 11.41 

We consider the mean curvature operator in (K^, (, )) with Q > 2, for which p = 2 and 
s{t) = vTT^ in (ESI). Our aim is to produce solutions of 


div 


Vu 




> C(l-f r)-'^ 


|VmP 


\/l + |Vu|' 


on 


satisfying u{x) = 0{r{xY^, outside of the range where H = 0 in (12.51) . More precisely, 
we produce such solutions when: 


0<X<1, P<2-X, 


^ ,. 2-x-p 

cr > tr = -. 

1-x 


(2.34) 
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We underline that, in our setting, (p—l)(cr—1) =ct—1 > 1 — Q. Hence, in the borderline 
case a = a* we are in the range complementary to the one that imply H = 0. 

Fix a smooth, non-decreasing function h G C'°°(K,|), and consider u(x) = h{r^{x)) 
with r{x) = |a::|. Then, since Hess (r^) = 2(, ), 


Vu = 2r/i'Vr, |Vup = 4r^(h')^, Vdu = 4r^h"dr 0 dr-|-2/i'(, ), 
hence, using that h' > 0, 


div 


Vu 


Au 


HessM(Vu, Vu) 
^1 + |Vm| 2 i “ y'l + lVup'” (1 + |Vu|2)3/2 


\/l+|Vu|2 


2 (g-l)/i' 


4r2/i" -f 2 /i' 

1 -I- 4r2(h')2 


Choosing h{t) = (1 -|- for some tr > 0, we obtain 


div 


Vu 


cr(l + r^) ”^2 

1/1 + |Vu |2 / “ y^T+WW 


> 


(Q-l)(l + r2) + 


1 + r 2 (cr — 1 ) 

1 + a'^r'^{l + r'^y 


(2.35) 


(2.36) 


If cr > 1, we can get rid of the second term in square brackets. On the other hand, if 

ue (0,1), 


div 


Vu 


VT+WW 


> ^^liiI^[(Q-l)(l + r2) + (l + r2)(a-l)] 


v/l + |VuP 

cr(l -I- r^)^^ 


{Q + cr — 2)(1 -f r^). 


\/l + |VuP 

Summarizing, for each cr > 0 there exists a constant C{a, Q) such that 


div 


Vu 


> 


C(l-f r)" 


on 


yi-f ivupy ^1 + |vw |2 
Now, consider parameters y,/i, cr in the range prescribed in (12.341) . Since 
|Vm| = crr(l -f r^)^ < cr(l -f r^)^ < Ci)! -f 
we deduce, by the third in (I2.34L 

|Vu|x(l + r)-^ < 02(1 + < C 3 (l + 

and inserting into (12.371) we infer 


div 


Vu 


^/^Tr^ 


> C 4 (l + r)-'^ 


|Vup 


v'l + lVuP 


on 


(2.37) 


(2.38) 


(2.39) 


for some constant C 4 > 0. Therefore, if Q > 2 the range where i7 = 0 in (12.51) cannot be 
improved. 


19 







































Proof of Theorem 11.41 

Suppose, by contradiction, that either u is not bounded above or that f{u*) > 0. In both 
of the cases, we can find 7 < it* such that f{t) > C for t > 7, for some constant C > 0 
(in the first case, by using the second in (|l.ddll i. Therefore, because of our assumptions 
on b, f,l, u turns out to be a non-constant solution of 

A^it > K{1 + r)~^ on {it > 7 }, 

for some K > 0. Applying Proposition 12.II and taking into account that, in our assump¬ 
tions, a = a* > 0 and m = 0, we deduce that AT < 0, contradiction. As for the second 
part of Theorem 11.41 if it solves 


A^u = &(x)/(it)/(|Voit|), 

then —It is a solution of 

A^v = b(x)f(v)l(lVovl), with f(t) = -f(-t). 

Because of (I1.II6L f(t) > C for t large, and we can apply again Proposition 12.11 now to 
—It, to deduce that (—it) is bounded above and /((—it)*) < 0. In other words, /(it*) > 0, 
which concludes the proof. 


We conclude by commenting on Remark 11.91 

- if /t = p — X, then we can apply Proposition 12.11 with u = u* = 0 to deduce that 
K < 0 (hence, all of our conclusions) provided that (12.21) holds, that is, if it is 
bounded above; 

- if (11.351) is not satisfied, but still 


it+(x) = O ^^(a;) 


p —X- 

P-X- 


as r(x) —>■ -|-c», 


then we are in the case cr = cr* > 0 and it > 0 of Theorem 01 We obtain that 
K < 0 whenever 


(cr* — l)(p — 1) < 1 — Q, that is. 


p-x-M ^ ^_ Q-1 ^ p-Q 

p-X-l“ p-1 p-1’ 


as claimed. 


3 Proof of Theorem 11.3 

We begin with the following proposition. The idea of the proof is an adaptation of the 
one in Lemma 2.2 of Ha- 

Proposition 3.1. Let <G be a Carnot group with homogeneous dimension Q >1 and ho¬ 
mogeneous norm r. Consider a ip-Laplaee operator Ag whose function ip satisfies (WpC) 
in assumptions (im with p > 1. 

Fix w, X G K with the property that 


0<X<P-1, P<P-X, w>p-x-l- (3.1) 
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Then, for each 7 > 0 and K > 0, there exists no non-constant weak solution u € Lip[Qj.(G) 

of 

, (/j(|Vow|) 


Proof. As in ProDOsition l2.ll define for convenience 


= {m > 7 } 7 ^ 0 . 


(3.2) 


Sit) = 


ip{t)'' 


and note that 5'* = inf^ ^ > 0 in view of (WpC) in (11.131) . Suppose that m is a non¬ 
constant solution of ( 133 ) for some 7 > 0 and K > 0, and take A G such that 

0 < A < 1, A' > 0, A = 0 on (— 00 , 7 ], A > 0 on ( 7 , 00 ). 

Let f) G C^(G) be a cut-off function, and let 77,0 > 1 to be specified later. We plug the 
non-negative test function 

(/> = 'f’^X{u)u°‘ G Lip^(G) 

in the weak definition of (13.211 . and we use X' > 0, to obtain 


K / fj^X 


a-i-Lj 


iVoup 


{1 + rY 5(|Vou|) 


< - 


y^(lVo^l) 

|Vou| 


(Vou,Vo(V'’'Au“)) 


< 7?y V''' ^Au“(^(|Vou|)|VoV'l 
-aj 7/;''Au“-V(|Vou|)|Vou|. 


(3.3) 


Hence, by (12. 6 L 


K / -iP^X 


-aJ f;'^Xu°‘ 


(1 + r)/^ ^(|Vou|) 


^(|Vou|)' 
i |Vou|P 


^(|Vou|)' 


By (|3.1I) . for each a > 1 it holds 


{p- l)(a + w) > xa- 


(3.4) 


(3.5) 


As in Lemma 2.2 in na, we now use the triple Young inequality to the first term in the 
right-hand side of ( 1321 ): we need to find ^ 1 , 22,-23 > 1 satisfying 


111 . 

Zl Z 2 Z 3 


and T,C > 0 such that 


IVn17|P“l J- m J- 

7/>^-^Au" jp , 


with 


Ji 

J2 

J 3 


^(|Vou|) 


(3.6) 


(3.7) 


a-\-uj 


|Vou|> 


2rj^ (l-hr)^* S-dVoul) 
77 5(|Vou|) 

^ ’ ^(|Vou|) 


(3.8) 
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considering powers of u, |Vom|, r and ip, to obtain (I3.7I) we need the following balancing: 


i) powers of u: a = 


a + uj a — 1 


zi 


Z2 


X P 

ii) powers of |Vom|: p — 1 = -1- 

■Zl Z2 


in) powers of r: 0 =-1- 

Zl Z3 


iv) powers of if): 


r]-l = 


H + H 

Zl Z 2 ' 


Solving the first two equations with respect to zi and Z 2 , and then recovering Z 3 from 
(13.61) . we get 


1 a+p —1 1 (p — l){a + uj) — xoi 

Zl p(a + w) — x(Q! — 1) ’ Z2 p(a + w) — x(Q! — 1) ’ 

J_ ^ ^ - (p - X -1) 

Z3 p{a + uj) - xia - 1) 


(these are positive numbers because of (13.511 and the Keller-Osserman condition oj > 
p — X~ 1)1 from the last two equations, 


Z 3 

T = fj.— = p 

Zl 


a+p —1 
w - (p - X - 1) ’ 


T] = Z3- 


The constant C is then uniquely determined by (SHI). Having found the right parameters, 
and since the triple Young inequality reads as 

jfi jfi <Jl+J2 + J3, 


from (EZD and (13.81) we deduce 

ip-i 






Inserting into (ISS and using that S'* > 0 we get 




S(|Vou|)' 


S(|Vou|) 


For large i? > 0, we choose as ^ S C^{G) a cut-off function satisfying 


(3.9) 


0 <tp<l, ■!/'=l on Br, •0 = 0 on G\B 2 r, |VoV’I < 

for an absolute constant C. Since A = 0 when u < 7, from (13.9|) and (II.3|) we obtain 


K 


.a+u: 


A 


|Vou|> 


2 (l+r)/^S(|Vou|) 


< 

K 


^ j 

< 

C 


s*. 

< 

CB 




/ (1 + r)'^ 

B 2 R 

P-^-Z3 + Q 


u“+‘^ |Vou|>^ 

(l + r)M S(|Voti|) 


R 


(3.10) 
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The exponent of R in (13.101) can be written as 


M- zz + Q 

Zl 


n{a + p - 1) - p{a + cc) + x(q - 1) + - P + X + 1) 

- (p - X - 1) 


which is negative provided that 


a{^l-p + x) < -Q{uJ - p + X + 1) - Mb - 1) + Pw + X- (3.11) 


Since, in our assumptions, p < p — Xi for ol large enough we can guarantee inequality 
(13.111) . Fixing one such a and letting R —?> +oo in (13.101) . from iX > 0 we deduce 



^(l + r)M S{\Vou\) 


= 0 . 


(3.12) 


However, since H..y 7^ 0, A > 0 on (7, +c»), and u is positive and non-constant on Vlj, the 
integral in (|3.12|) is strictly positive, a contradiction. □ 


Proof of Theorem 11.31 

The case when u is constant has already been discussed in Remark 11.61 hence we just 
need to consider non-constant solutions. Fix 7 > 0 such that f{t) > Ct‘^ on [7,-|-c»). If 
u* = -foo, then by (|1.29l) u would be a non-constant solution of 


Alu> K{l + r)-i^u‘^ 


p(|Vom|) 

|Vou|P-i-x 


on flj, 


for some K > 0, which contradicts Proposition 13.11 Therefore, u is bounded above. To 
prove that f{u*) < 0, suppose by contradiction that f{u*) > 0, and fix 7 < u* close 
enough to u* in such a way that 


f{u) > 


fiu*) 


= Co 


on fl-y. 


Then, again by (11.291) it is a non-constant solution of 


Agit > KCoil + r)->^ 


p(|Vo»l) 

|Voit|^“^“^ 


on flj, 


(3.13) 


for some K > 0. Since the above equation is invariant by translation, set its = it -I- s, 
s G K. Up to choosing s and 7 appropriately, we can ensure that 


0 < {utr < Co, 7 = 0. 

Inserting into (13.131) . we obtain that its is a non-constant solution of 

A^iis > + r)~^ Pd^o^sj) on {its > 0}, 

again contradicting Proposition l3.1l Hence, /(it*) <0. If 11 solves (ll.3()|) with the equality 
sign, and / satisfies (|1.31l) . then we can apply the first part of the proof both to it and to 
—It, and proceeding as in the proof of Theorem 11.41 we obtain it* > —00 and /(it*) > 0, 
as required. 
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Sharpness of Proposition 13.11 and Theorem 11.31 

As we did for Proposition 12.11 we prove the sharpness in the special case of the mean 
curvature operator in Q > 2. Thus, we want to exhibit unbounded solutions of 


div 


Vu 


^/TTWW, 


> C{l + ry 


|Vi 




(3.14) 


on some superlevel set = {u > 7}, 7 > 0, outside of the range (11.281) . which for p = 2 
becomes 

0<X<1. M<2-x, uj>l-x- (3.15) 

Once we have an unbounded solution of (13.1411 on some with 7 > 0, we can easily 
produce a solution v on the whole that does not satisfy the L“-estimate of Theorem 
11.31 first, choose / G C^)®) satisfying 


/ = 0 on (—00,27), f(t)<t‘^ for t G [27, 37], for f > 37, 

and note that u solves 


div 


Vu 


Vi + W 


>C{l + r)-^^f{u) 


|Vup 


v'l + lVul- 


on {u > 27}. 


(3.16) 


Now, since f{2j) = 0, the constant function 2j solves (13.161) with the equality sign on the 
whole By the pasting lemma ('Proposition 14.11 belowl. the function 


u on {u > 27} 

27 otherwise, 


solves 


div 


Vu 




>C(l + r)-^/(u) 


|Vup 


VT+WW 


Being v unbounded, it gives our desired counterexample. 
Counterexample in the range 


on 


0<X<1, p<2-x, w<l-x- 

We consider the same function as the one used to show the sharpness of Proposition 12.11 
that is, u{x) = h{r‘^{x)) with h{t) = (1 +and some tr > 0 to be determined. Since 
Q > 2, by (E33 


div 


Vu 


v/l + |Vu|' 


> 


C(l + r)'^- 

v'l + lVul- 


on 


(3.17) 


for some constant C > 0. Moreover, by the definition of u, 

u‘^|Vu|^(l + r)-'^ < Ci(l + rY‘^+x{<r-i)-u^ (aqg) 

Define for convenience <5 > 0 according to the identity uj = 1 — x — The inequality 

aoj + x(o’ — 1) — p<tT — 2 (3.19) 
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is satisfied if and only if 


(7(5 > 2 — X — /i, (3.20) 

which holds provided a is large enough. Hence, if a is sufficiently large, from (I3.17I1 . (13.181) 
and (I3.19|) we obtain that u is an unbounded solution of 


div ( ^ ] > C8(l + r)-f^u^ 

\y^T+WW)~ 

Note that we admit the possibility that w < 0. 
Counterexample in the range 


|Vm|x 

v'l + IVuP 


on 


(3.21) 


0<X<1, p>2-x, w = l-x- 

We still use the above counterexample: it is enough to observe that (I3.19|) . equivalently 
(I3.2()|l . is met for w = 1 — x (he. 5 = 0) if and only if 2 — x — < 0. Note that, in this 

case, there is no condition on a besides cr > 0. 

Counterexample in the range 

0<X<1, 1‘<2-X, w = l-x- (3.22) 


We define 

cr = > 0. (3.23) 

1-X 

To get an unbounded solution of (13.211) on some superlevel set we now consider u{x) = 
h{r‘^{x)) with h{t) = exp{(l +1)'^/^}. Since h' > 0 and 


Ar^h" 

1 + Ar‘^(h'y- 


<Co 


on K+, 


for some explicit constant Co = Co(cr, Q), then by (12.351) 


div 


Vm 


> 


1 


yi + |vu|2y v^iT |vu|2 
1 


[2(Q-l)/r'-Co] 




a{Q-l)h{l + r^)— - Co 


> 


Cih 


(3.24) 


x/i + |Vu|' 


= (1 + r) 


0--2 


for a suitable Ci > 0, and provided that we choose a high enough superlevel set {u > 7}. 
Since w = 1 — Xi 


= h^ ^cr^ 





Substituting into (I3.24|) in place of the term h, we infer the existence of a constant C > 0 
such that 


[y^TTWWJ 


> C(l + r)'"-2-x('^-i)u‘^— 

VT+WW 

= C(l + r)-^u" ' ' on H 

y/T+WW 


(3.25) 
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where the last equality follows from our definition of a in (13.231) . Therefore, u is the 
desired counterexample for (13.221) . Observe that the need for an exponential growing u is 
supported by Theorem 12 (i) in m- indeed, applying their result to the mean curvature 
operator, with p — 2 and / satisfying tf{t) > on R, in the range (13.221) any 

solution with polynomial growth of 

div ( I = C(1 + r)-^fiu)\Vu\^ on K" (3.26) 

\a/i + |Vu|2y 

must be identically zero. 

The bounds in (13.231) do not cover the case y = 1, and we now conclude by commenting 
on the following 

Question. What about possible counterexamples in the range 


X=l, /r<2-x=l, a; = l- x = 0? 


There is some evidence that, in the above range. Theorem [T3] might still hold. Indeed, 
if we try to produce unbounded solutions of 


div 


Vu 


VT+WW 


> K{l+r)-i^ 


|Vu| 


v'l + lVuP 


on 


(3.27) 


of the type u = /i(r^) with h' > 0, then using (12.351) we would get 


> 


1 


div 


Vu 


y'l+lVuW 


< 


VT+WW 

1 

x/i + |vu|2 


2{Q-l)h' 
2Qh' 


Ar^h 


2h" 


1 + Ar'^{h'Y 
Ar'^h" 


1 + Ar'^{h'y 


(3.28) 


Being |Vu| = 2rh', if the quotient with h” in square brackets in (|3.28|) is at most of the 
order of Ii' as r —>■ +oo, then we deduce 


div 


Vu 


< 


Ch' 


< 


C |Vu| 


1 / 1 + |Vu|2 / r y'l+ |Vlt|2 


In this case, since p < 1, u can never solve (13.271) . Computation (I3.28P suggests to search 
for h satisfying 

A„2rir( 2\ 

> — -^|Vu| ~ (7(1 + r)^~^h'{r'^) for large r. 


1+ 4r2(/i'(r2))^ (1 + 0 

However, it can be easily seen that the differential inequality 

Ath"(t) 

- > {I+t) — h'{t) 

i+At{h'{t)Y 

possesses no increasing solutions defined on [T, + 00 ). 
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4 Appendix 


In this Appendix we give a proof of the pasting lemma for locally Lipschitz solutions of 
inequalities of the type 

AgM > B{x, u, Vqu) (4-1) 

(as TG is parallelizable, we identify it with G x R", n being the topological dimension of 
G). We assume that (/? satisfies 

(4.2) 


(4.3) 


ip S C°(R.(j'), ip>0 on 
and that i? : G x R x R" enjoys the following properties: 

B e X R X R”); 

for a.e. a: G G, B{x, •, •) is continuous on R x 

We recall that v G Lipj^^,)!!) is a solution of (14.11) if and only if 

f f </^(|Vo^^|), 


fn I iVo'cl 


-(Vqv, Vo(/)} + B(x, V, Vov)(l) > < 0 


(4.4) 


for each (p G C^{G), ^ > 0 in 17. By approximation, the class of test functions for (14.41) 
can be enlarged to ^ G Lip^(G). 


Lemma 4.1. Let (p,B satisfy (03), (03, fix an open set 17 C 
LiPioc(^) solutions of 

> B(x,v,Vqv) on Ll. 

If none ofui, U 2 is constant, assume further that 

ip{t) is non-decreasing onR^. 

Then u = max{Mi,M 2 } G LipjQj,(17) also solves (|4.5I1 on 17. 


and let ui, U 2 G 

(4.5) 

(4.6) 


Remark 4.1. Observe that no monotonicity is required on B{x,t,X) in the variable t, 
nor there are sign assumptions on ui,U 2 . 

Proof. First of all we recall that u = 4 {(ui + U 2 ) + |mi — U 2 I}. Thus, by Stampacchia’s 
theorem (see Lemma 7.7 in |15jl. 


{ VqMi on 17i 

VqUi = V 0 U 2 on 17o 
V 0 U 2 on 172 


= {x G 17 : ui > U 2 } 
= {x G 17 : ui = U 2 } 
= {x G 17 : ui < U 2 } .. 


from which it follows 

B{x, u, Vqu) = B{x, Ml, Vo'Ui)xn\n 2 + B{x, U 2 ,VoU 2 )xn 2 
To prove that m is a solution of (03 we proceed as in m- consider 

'7:R^[0,1], 7GC'°°(R) 

7 ' > 0 on R 

7 ( 7 ) = 0 if t < 0, 7(t) = 1 if t > 1 


(4.7) 


(4.8) 


(4.9) 
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and, for n S N and t G R, define 7ra(<) = 'y{nt). Note that 7ra(t) XR+(i) as n —>■ +oo. 
Consider a test function 0 < (j) G and define 4'It4>2 G Lip^([/) as being cj)i = 

[1 — 7 ra(M 2 — Ml)] 0 and (j )2 = [ 7 ra(M 2 — Ml)] (j)- By approximation, ^i, (j )2 are admissible 
test functions, and clearly ^n{u 2 — mi) —>■ xo .2 pointwise. Since both the Ui are solutions 
of (14.51) . from (|4.4I1 we deduce 


(VoMj, Vo 4 >i) + B{x, Ui, WoUi)(j)i ? < 0 


f [ V^(IVoMd) 

Jn\ |VoM*| 

thus, adding the two inequalities, computing and rearranging, we get 


0 > / I'nH 

JQ. 


V5(|VoM2|)„ V?(|VoMi|)^ 


, Vo(m 2 - Ml)) 
Vo</>) 


IV0M2I |VoMi| 

+ / [B(a;,U2, V0M2) - B(a:,ui, VoMi)] 7 „()) 

JQ 

+ ^{^j^^(VoMi,Vo<^)+B(a:,ui,VoMi)<^} . 
Using Cauchy-Schwarz inequality and xh > 0i the first integral satisfy 


l'n4’{ 


<P(|VoM 2 |)^ (/5(|VoMi|) 

■V 0 U 2 -p;;-i—VoMi 


IV 0 M 2 I 


|VoMl| 


, Vo (m 2 - Ml)) 


> / 7 n<)>b(|VoM 2 |) - V^dVoUil)] (IV0M2I - |VoMi|) . 
JQ 


(4.10) 


(4.11) 


(4.12) 


The product 


b(|VoM2|) - </ 5 (|VoMi|)] (IV0M2I - |VoMi|) 


is non-negative because of (14.611 (if ui,U 2 are both non-constant) or (14.211 (if one of them 
is constant). Hence, the first term in the right-hand side of (14.1111 is non-negative and 
can be thrown away. Letting then n —>■ -|-c» in (14.1111 and using Lebesgue convergence 
theorem, we deduce 


0 > / ( 

J ^2 


i^(|VoM 2 |), 


‘/’(iVoMil), 




, Vo^) 




/ [H(x, It2, V0M2) - H(a;,ui, VoMi)](() 

J £^2 

(V 0 M 2 , Vo(/)) + B{x, U 2 , VoM 2 )(/) 

(VqMi, Vo(?i') + B{x,ui,S/oUi)4> 


f <^(|VoM2 |) 


JQ 2 I IV0M2I 
^ f f y^dVoMil) 

JQ\Q2 1 |VoMi| 

= ^ + B{x,u,Vou)^ 

Since (j) is an arbitrary test function, this concludes the proof of the lemma. 


(4.13) 


□ 
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The pasting lemma below is a useful refinement of the above result. 

Proposition 4.1 (The pasting lemma). Let Ll d Ll' <Z G be open domains, and suppose 
that ip satisfies (dJ. Let u £ LipjQp(n) and u' £ LipjQj.(n') be such that 


AqU> B{x,u,\7ou) on Ll 
A^u' > Bix, u', S/qu') on Ll' 
u'{x) > u{x) on LI' n dLl. 


Then, the function v £ Lip[Qj.(n') defined as 


satisfies 


J max {u, u'} on LI 
(m' on LI' \ LI, 

Afpv > B{x,v,Vqv) on LI'. 


(4.14) 


(4.15) 


(4.16) 


Proof. We first suppose that u'{x) > u{x) on LI' fl dLl. By continuity of u and u', u'{x) > 
u{x) still holds on some open set V C LI' containing LI' fl dLl. This implies that v = u' on 
U = {Ll'\Ll) U V and thus 


AqV > B{x,v,'Vov) on Lf. (4-17) 

From Lemma 14.11 it follows that 

AqV > B{x,v,Vqv) on fl. (4.18) 

Since LI' = LIU U the proposition is proved. 

To deal with the general case, for £ > 0 we set Ue{x) = u{x) — e, and we define 


Bfix, t,X) = min{i3(x, t, X), B{x,t — e, X)} . 


(4.19) 


Then, clearly 

AqMe > Bs{x, Ue, VoUe) On fl 
Aqu' > Bfix, u', Vqu') on fl' 
^u'{x)>Ue{x) onfl'n^fl. 

By the first part of the proof, the function 

Jmax{ue,u'} on fl 


solves 


on fl' \ fl, 


AfiVe> Bfix,Ve,VoVe) On fl'. 


Thus, for any test function £ C^{L1'), <() > 0 we have that 

0 > I (VoUe, Vo(/>) + Bfix, v„ Vov,)cl> 


(4.20) 


(4.21) 


(4.22) 


(4.23) 
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To conclude, we need to check that the terms in (14.231) appropriately converge as e —>■ 0. 
By the definition of Bg, Vg, v, the continuity of and Lebesgue theorem, 


J (l)\Bg{x,Vg,yoVg) - B{x,v,Vov)\ 

\Bg{x,Vg,VoVg) - B{x,Vg,VoVg)\ + \B{x,Vg,WoVg) - B{x,v,Wov)\ 

< J cj)\B{x,Vg - e,yoVs) - B{x,Vg,yoVe)\ (4.24) 

+ / cj)\B{x,u'jVou') — B{x,u,'Vou)\ 

—>■ / (j)\B{x,u',Vou') — B{x,u,'S/ou)\ = 0, 

as e —>■ 0, where the last equality follows from Stampacchia’s theorem. In a similar way. 


IVoUel 


/ nn{n€[u',u'+e]} 


|Vou| 


</5(|Vou'|) , (/j(|Vom|)„ 

--i—VoU 


|Vou' 


|Vou| 


(4.25) 




(/j(|Vou'|) , (/5(|Vou|) 

T^Vou-—i—Vou 


|Vou' 


|Vom| 


|Vo<^| =0. 


Letting e —>■ 0 in (14.231) we thus get 

0 > I Vo0) + B{x, V, Vou)<(.| , 

which was to be proved. 


(4.26) 

□ 
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